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A _IH-GYRO ATTITUDE CONTROL SYSTEM FOR SPACE VEHICLES

By Jerry R. Havill and Jack W. Ratcliff

Ames Research Center

Moffett Field_ Calif.

SUMMARY

This report describes the twin-gyro concept and the study of a three-axis

attitude control system. Results of experimental data obtained from labora-

tory tests t]_at used physical components are presented.

A t_in-gyro controller consists of t_,_ocounterrotating gyro elements

arranged so that control torque is always directed about a single axis inde-

pendent of gyro gimbal angle. This feature allows the use of large gimbal

angles so that a major portion of the momentum stored in the gyros csm be

transferred to the vehicle without introducing cross-coupling torques.

The twin-cyro attitude control system uses three twin-gyro controllers

to _rovide torques about three orthogonal vehicle axes. To study the control

system experimentally it _as mounted on a space vehicle sir._lator. The vehi-

cle si_:._lator had large values of inertia s_d was supported on a low-friction

spher£cal air bearing.

The resu!i_s of t]__eexperimental s1:,udy_ which are given i.u 1:he report,_

s!kow tlkat a 1,wi11-gk;rocontrol s_,_stem can stabilize a vehicle to precise

ai,t,].tudes (within 1 arc second) with &_ood d_c_s_uic response. The system

:,rs, t_,_fer fu.nction is derived and a comparison of the measured response witL

the ca].cu!s_ted response s!_ow{,:that the system performance can be predicted

an_'_iiy tica] ] y.

General theoretical equations of motion; derived for a single-degree-or-

freedom gyro_ a twin-gyro controller_ and a three-axis twin-gyro attitude

control system_ are included as appendixes to the report.

INTRODUCTION

Some space flights require precise vehicle attitude control_ and_ depend-

ing upon the mission task_ the requirements for pointing accuracy may impose

very stringent specifications upon the control system. As examples, a higk

degree of rate stabilization may be demanded during navigational sightings

for a manned space flight_ and pointing accuracy within I arc second may be

required for astronomical projects involving vehicle-fixed telescopes.

Several methods of generating torque for attitude stabilization have been

stud:led at _aes Research Center. These include a system using reaction wheels



as reported in reference i, a system using earth's magnetic field as reported
in reference 2_ and a system using three floated integrating rate gyros a_
reported in reference 3.

Whena space vehicle is required to maintain a precise attitude with
respect to inertial spaee_momentumexchange systems with proportional con-
trol becomeattractive. Of the two most co_only considered momentumexchs!_ge
methods, the control-moment gyro provides a higher d_u_ic responsn _d-si_does
+he inertia wheel for a rotating element of given size.

Cross-coupling torques produced by a control system which uses a single
dyro for each vehicle s_xis cs_ be essentially eliminated by a twin-cyro con-
trol system. T_e twin-gyro concept consists in mounting two counterrotatin C
wheels back to back. Their gimbals are driven through equal ]out opptsite
_gles in order to nullify undesired componentsof anjular momentur_:_#nich
introduce cross-coupling torques. Such a pair of gyros constitutes a con-
troller capable of producing torque that is always directed about a :ingie
axis regardless of gimbal angles. This feature allows the use of large gimbai
angles so that a major portion of the momentumstored in the gyros is avail-
able for transfer to the vehicle. It therefore has an advantage over a
single-gyro controller which mus_-be restricted in cimbal ,siq{Ne in mi'_is.ize

cross-couplip_g torques. The twin-_s_Tro conf'_g_ration has bee_ _. descri!ed f,_r
use in a pitch damping sj_rstem (rei'. _i) sJ_d tlas been propor:ed for -% i!_ocal

vertical sensor (reS. 5).

The research reported here is part of an investigation of lhe feasibiii .y

_9_'_ _ (within _ arc second) %:uof stabilizing a space vehicle to precise a ......_bude_ _ _,

use of a twin-gyro confi,t_iration c,f contro!-moment gyro torquern. Fi<peri-

mental data obtained fz'o!:_ a space ve]S.cie si_._ulator sta%i!ized about three

axes has been presented in refereKce 6. The present report will show t}._atthe

stabilized vehicle had good d_n_m_nic response and that this respo'_,_secs_u %e

predicted analyt ically.

DESCRIPTION OF CONTROL SYSTE4

A block d.iaGr@n of one axis _'_f the a[stitude control system is r:!_o_,.a_ h_

fio_lre ]. us!.n_ the _o!.atiun in _ppendix A. The attitude sensor prr r]l_ce_; s.

signal vo]_ha_e proportio_ai to the ano_-qlar error i_etween a vehicle -:i<ir_
(attitude) and a reference axis. T!'_is error sidnal_ _ alon C with i<_ i_!'_[_raled

value_ h':ive:_ a t_._in-g_ro control.ler whose precessioR [,or,_ue "_s @.t_,_:!led :< I!:

vehicle in tiAe direction re£uired to reduce the attitude error.

General theoretical e£uationr: of ::_o_ion of a single-de!jree-of-freedo_:_

syro_ a twin-g;yro contro!ler_ sm_d a three-a_xis twin-_yro attitude c_:_tr<l

system u_re presented in appendixes B_ C, and D_ respectively. The bl,ck

diagrsm_ ,of fi_5_re I_ corresponds to tl'_etheoretical transfer func!.ion derived

in appendix D (eq. (D22)) with tl_e addition of a filter ti__e ]_ag _.r'_ _,cia__ed

with the attitude error sensor aRd a co-_oensatin S £ea:i-l'_ 6 :-'.etn¢ork.



Twin-Gyro Controller

Fi_s-ure 2 shows a twin-gyro controller wherein each gyro consists of a

gyro element (wheel) spinning within a gimbal support. Each gimbal is piv-

oted to the controller frame about its gimbal axis which is normal to the

_vro _,rheel spin axis Hotice that the direction of the net momentum change

that results wlLen the two _yro gimbals are rotated through equal and opposite

_c!es from th_.__yro spin reference axis remains normal to the gyro spin ref-

erence -o>-_isa_.d always along the momentum exchange axis_ while the undesired

components of momentum along the spin reference axis are cancelled. This

cancellal_ion eliminates the major source of cross-coupling torque inherent

in sin_]e-g:,rro controllers and allows the t_rin-gyro gimbals to be driven

tl_rough L_zo,._£_angles (approaching 90o ) so that essentiall_ the_ entire anotlar

momentum stored in the gyro elements may be tra_sferred to the vehicle. In

addition_ the torque reactions from the girJDal dh'ive motors are equal and

opposite with cancellation tailing place in the frsme of the controller upon

_rhicL both motors are mounted_ thus eliminating a minor source of cross-

coupling torque.

A block dial_rm_l of one twin-gyro controller with its gimbal position

servo loops is sho_vn in figure 3. Each gyro gimbal is provided with a posi-

tion (a_zc]e) pickoff whose output voltage is a function of the gimbal angle.

If the gimba! position feedback signal differs from the error signal input to

t_Le c<_ntro!ler_ the resulting difference signal drives the servomotor wl:_ch

torques the gimbal to reduce the position error. A tachometer generator pro-

rides s i_mba] rate feedback for stabilization of the gzimbal servo. Note that

the error signal input to gyro '_" has been inverted and that the two-position

servo loops are otherwise identical so that the gimbal angles are maintained

equal and opposite.

One of the twin-gyro controllers with its dative m_plifier is sho-a_ in

fi_utre 4. As seen in this photograph the gimbal torquing motors are mounted

on one end of each gimbal axle and the position feedback s_mchros are mounted

on the opposite end of each gimbal axle. Each gyro element has a specified

anglo.far momentum of 55×108 gm-cmS/sec. The gimbals could be driven at a maxi-

m_un rate of i radian/sec and the maxi_m torque available from each c,_}ntrol]er

was l.ixlO s dyne-cm or approximately ,@ ib-ft. Three of these units were

ri_zidly mounted on the vehicle.

The twin-gyro controllers were originally designed and constructed by

Chance Vought Electronics under contract to NASA_ Ames Research Center.

Signal Processor

When the twin-gyro controller is used for controlling the attitude of a

vehicle_ its gimbals must be driven at a rate proportional to attitude error

to develop a control torque which is proportional to attitude error. There-

fore_ if the vehicle is to mai_tain attitude stability in the presence of



external distur%ance torque_ the controller gimbals m_ust be driverl by an

integrated a-ttitude error signal. This integration becomes necessary ]'_ecause

gimba! position feed%ack is employed in the controller.

The purpose of the signal processor is to provide the required integrated

error signal plus a proportional error signal. The signal processor also

includes a lead-lag network which compensates for a time lag in the controller

serve. _ese functions were generated by an analog computer for each of _he

three twin-gyro cc.r'trollers.

Attitude Error Sensor

Attitude reference axes were establ:'shed by mes£__s of two optical error

sensors external to the vehicle and two point sources of light mounted on q:e

vehicle. One sensor-source com]ination was used for pitcL and yaw a iitude

errors and one for roll attitude errors. The roll attitude errc_' sensor e_d

lig]'_t; source are sho_,_m in fig%ire _. The sensor sensitivity was appr'_ximateiy

7 0 millivolts per arc secc,.___dattitude error. The sensors were c_.li-r_;ra<el in

tncre_terts of 5 arc seconds measured by an optical autc, cc, lli_:iatcr ..r__ici_ was

used as the standard.

Vehicle

The vei_icie si:tLulatc.r ai__d associated laboratory apparatus ase ch<-,m i:i

hhe _Dhc, tc, grap!L ,of :_'i_r_ 5. The oimulator_ _," M_w._i__ was supp;:r!e'i <:,n a _,ow-

St'lot!oR @it ]3eariil{]_ was large enouc}l to accolmlO:iato a ::tan ;J2b d ]lad %i[ Over-

ale we'_ght C" appr,oximatel_; l:]O0 kilogr@:!s (i:000 !]3).

The inertia values used in hltis inve;: .,i,-<t,,i,ion are pren_i_!ed in i'i 5tre <_.

This f]__l%lre also indicat, es tke location of %be three twin-s[/rc c,_,ktrtl!ers_

and defike_: t}ie cz'ie_'_tation of the tw_ light uources and ass_,c'_atod %.ti_is_;.d,_

Seltsors %d[]_C]L os[_,%biis]/ed [:,tie reference oxes. _he s:h'_Iu]atc, r o/cos were c :o::e:_

to ]_ave tRe _irectionu of the orthogoRal set _-:,f unit veer,or&: Evi_ Evs,, %hi

E,_S; ] er@o.l_!oer -,._:_m ...... [".
- ...... c "

Electrical power and si.sna] s between e£uipment "in t_:_,:i ;!7f %:e ;'-ltktla:,cr

were trcu__smitted through flexible wiring around the s\_pp,<_rth: C ekLr ],e_,='in:,.

o L:_ce the sinmlator was restricked %o rotations of only @, few _,r,3 i]liu_lt _s

s/9oztt each K<is_ the wirin& _ mreun'l the ];earing pr, o(hced :!.o]_o_.[_4cu3:l,; .r'f:e;::
Okl JLlie _<q-, " _ _ ._._ic.l_. _ho ctu_fr)er of wr'res aro\tn_ t_ie ] _!q_m,$ was rodl:4<,_i 7p._-;rr_.rx-

ill C [:!_e UC\la]_ detector-r:ouree relationskip_ %Rat :[.s_ %y ]'AO\l_If3il%;_ t,ikO t i{3ht

sou_ ..... (stars) on the vehicle, Since t.__r_ was no....... I-m- _ re:£_ireLieiit i', l' % cc, i:!-

pletely se!f-conts, ii_ed syste_:_ al,card the vehicle_ the attitude coltg-rs_

rec,0rd:'n C rm_tl display e:iuip_uent _ an analo S co_pu[rer used f,_r siTnal process-

Ln_C., and. t!_e s_,stem control panel were all Located externu.1%o the ,<e]!icle.



A cold-gas reaction jet system was installed on the vehicle for auto-

matically returning each twin-gyro controller to its zero-momentumposition

(®c = 0) whenever its gimbal angle exceeded a predetermined value (±60o).

Provisions were made for adjusting the center of mass as closely as

possible to the center of rotation previous to each data run.

Controller Orientation

Consider now the orientation of the three twin-gyro controllers with

respect to the vehicle. The three controller momentum exchange axes must be

parallel to the vehicle body axes. The spin reference axis of each controller

can be arbitrarily oriented in the plane perpendicular to its momentum

exchange axis, since for the twin-gyro configuration no net angular momentum

exists about the spin reference axis. If the gyro spin axes are "caged"

(i.e., held in the zero gimbal angle position) then both gyros of a controller

may be turned on or off during flight with, ideally, no disturbance torque

reacting on the vehicle. This feature could be used to conserve power or to

extend the lifetime of a mission in cases where the gyros are not required to

be operating continuously.

Another mode of operation which may be of interest for certain missions

involves using only three gyros (one from each controller) for vehicle control

during portions of the mission not requiring the higher performance capabil-

ities of the complete twin-gyro system. Such a mode of operation becomes

feasible with the particular controller orientation shown in figure 7. Notice,

for example, that the set of three "a" gyros is arranged so the angular momen-

tum vectors form a closed triangle (zero net momentum) when the gimbal angles

are zero and the three wheels contain equal angular momentum. Therefore, the

set of three gyros, under the "caged" condition with no net momentum, could be

turned on or off during flight without disturbing the vehicle if the three

wheels accelerate or decelerate simultaneously. Since the twin-gyro system

can be considered as two such three-gyro control systems, this particular con-

troller orientation was used in the investigation to test this mode of opera-

tion. When sets of three "a" (or '_") gyros were turned on and off (always

leaving at least three gyros in control), the resulting vehicle disturbance

was negligible.

The visual interpretation of figure 7 may be facilitated by recognizing

that the gim_al axes_of the yaw controller, for example, lie in the plane

defined by Evl and Ev2, so that the momentum exchange axis for the twin-

gyro controller is parallel to the Ev3 or vehicle yaw axis.

COMPARISON OF MEASURED AND ANALYTICAL RESULTS

The vehicle simulator described in the preceding section was assembled in

the laboratory and tested to determine its dynamic characteristics and to



obtain experimental data from which to computethe system transfer function.
The gains and compensation time constants were adjusted to achieve the best
transient response in all axes.

A simultaneous step input to three axes produced the attitude response
shownin figure 8. It can be seen that the control system was able to main-
tain the commandedattitude to within i arc second.

The analysis of appendix D showsthat control torques generated by the
ideal twin-gyro controller exist only about the desired control axis. This is
shownin equation (DI5), where it can be seen that Mvz, for example, is
dependent on 8cz but is independent of 8cx and 8cy. It should be observed
in equation (DI5), however, that vehicle rates, _z and _2, for example, cause
a small cross-coupling torque about the z axis if nonzero values exist in
8cx or @cy. The reason is that the controller gimbals are carried with the
vehicle, and a gyroscopic coupling torque maybe developed, as a result of
vehicle rate, by a controller having a net angular momentum(8c _ 0).

The procedures used for obtaining the experimental data and for evaluat-
ing the yaw control system transfer function will nowbe described. The
measuredfrequency response of the yaw-axis twin-gyro controller was used to
determine its transfer function which was then combinedwith analytical data
for the remainder of the yaw control system to produce the complete yaw-axis
open-loop transfer function.

To measurethe frequency response of the twin-gyro controller, sinu-
soidal input signals were introduced over the frequency range of 0.2 to
i0 cycles per second and the gyro gimbal angles were recorded. Figure 9
shows the amplitude ratio and phase angle plotted as functions of frequency.
A high-frequency resonance which occurred above 5 cycles per second was prob-
ably caused by mechanical compliance of the gimbal axle. The frequency
response shownin figure 9 was used to determine an analytical expression for
the transfer function of the twin-gyro controller:

0c(S) 8xl0_

Ec(S) (s + 5)(s + $0)(s + 0.i + j34)(s + 0.I - j34)

The imaginary roots were factored from the second-order term (s2+0.2s +342).

Figure i0 shows how this transfer function was comloined with the transfer

function of the rest of the yaw control system to produce the over-all trans-

fer function block diagram. A comparison with figure i shows that the vehicle

rate feedback to the controller gyros is not included in figure i0. This

feedback may be neglected because of the high gain used in the gimbal position

loop compared to the gain in the vehicle rate loop.

The controller output torque, my, results from 2h8 c cos.ec which, for

small angles, is approximated by the linear relation m v = 2h8 c. Hence, the

Laplace transform is My(S) = 2hsSc(S) , where h is the angular moment_ of

one gyro element, and the transfer function from gimbal angle to torque is

Mv(S)/ec(S) = l.lxlO%.

6



The over-all open-loop transfer function from e to e s was

 s(s)  ×lOS(s+ I)

E(s) s2(s + 64)(s + 80)(s + lO)(s + 0.i + j34)(s + 0.i j34)

Figure ii shows the root locus of the characteristic equation. The

arrows indicate the direction in which the roots of the characteristic equa-

tion move as gain is increased. Their positions for the gain used in the

experimental system are indicated by the solid dots on the locus. Once the

roots from the root-locus plot are determined, it is possible to describe the

closed-loop transfer function in factored form as

 s(S)  ×lOS(s+ i)

Ein(S) (s+67)(s+78)(s+l.25)(s+3 +j6)(s+3 -J6)(s+0.1+j34)(s+O'l- j34)

As a check on the validity of the derived transfer function, a plot of

the corresponding calculated closed-loop frequency response was compared with

the measured frequency response of the system. The close agreement indicated

in figure 12 justifies the use of the derived transfer function as a good

approximation of the system performance.

If a constant external torque, My, is applied to the vehicle, the twin-

gyro controller will produce an equal and opposite torque_ mw as a result of

the static attitude "standoff" error. During application of unidirectional

external torque, the gyro gimbal angles increase continuously until the oper-

ating range of the gyros is exceeded. The ability of the system to maintain

attitude in the presence of external disturbance torque can be determined from

the transfer function between Mv and 8v of figure i0. This is indicated by

ev( )
1.05×10 -ll

s2

i + l'05xlO-11 1"45Xi05 30(s +l)(s + 5) SX I04 l.lxlOSs

s2 (s + lO) s(s + 64) (s+5)(s +80)(s+O.l+j34)(s+O.l- j34)

and the steady-state error for a step external torque of magnitude, M w is

eVSS 1.05xlO -II

s2+l. O5xlO_ll 1.45Xi05 30(S+I) 8.8XI0 L2

(S + i0) (S + 64) (S+80)(s+O.l+j34)(s+O.l- j34 )

: 1.5xlO -z2 radian/dyne-cm or 3.1xlO -7 arc sec/dyne-cm

S=O

To check this "stiffness" factor experimentally, a convenient source of

external torque was provided by the gas jet normally used for unloading the

controller. This jet reaction applied a known torque of 3.4xi06 dyne-cm to

the vehicle and a standoff angle of i arc second was measured. The calculated

standoff angle is (3.4×106 dyne-cm)(3.1xlO -7 arc sec/dyne-cm) = 1.05 arc sec,

which agrees well with the measured value.

7



CONCLUDING REMARKS

This investigation has shown that a twin-gyro attitude control system

can stabilize a large space vehicle. The accuracy in attitude of the system

used was maintained to better than i second of arc when external torques were
less than 3><106 dyne-cm.

The system transfer function was derived analytically and the calculated

frequency response was show_ to agree closely with the measured frequency
response.

One desirable feature of the twin-gyro controller is that it produces

torque which is always directed about a single axis regardless of the gimbal

angles. This feature allows the use of large gimbal angles so that a major

portion of the momentum stored in the gyros is available for transfer to the

vehicle. An advantage is therefore obtained over a single-gyro controller

which must be restricted in gimbal angle to minimize cross-coupling torques.

Redundancy is inherent in the twin-gyro system in that it continues to

function with loss of one gyro in any controller, although with correspond-
ingly reduced performance.

Ideally_ pairs of controller gyros may be turned on or off without

inducing disturbance torques on the vehicle. Also, theoretically_ with the

particular orientation of controllers used in this investigation_ selected

sets of three gyros may be turned on or off_ with no disturbance torques

being developed. The ability to turn gyros on and off during a mission may

be an important advantage if power conservation is a major factor.

In sunm_lary, the twin-gyro attitude control system would be especially

adaptable to space vehicles which require precise attitude control with high

dynamic response and low values of cross-coupling torque.

Ames Research Center

National Aeronautics and Space Administration

Moffett Field, Calif., April 20_ 1964
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APPENDIX A

NOTATION

unit vector indicated by its index (i = I_ 2_ or 3) which is a member

of an orthogonal set fixed in the item indicated by a subscript

voltage within the control system

vector angular momentum with respect to inertial space of item

subscripted

vector derivative of H with respect to time

scalar magnitude of the angular momentum of the gyro element with

respect to its spin axis

imaginary number_

constant used for gains

vector sum of external disturbance torques applied to the vehicle

torque applied to the subscripted item

Laplace operator

vector angular velocity with respect to inertial space of the

subscripted item

vector derivative of W with respect to time

vehicle roll axis having the direction Evz

vehicle pitch axis having the direction Ev2

vehicle yaw axis having the direction Ev3

constant gimba! offset angle

angle through which the subscripted item has rotated with respect
to a reference

scalar derivative of a with respect to time

momental dyadic of the subscripted item

scalar component (indicated by superscripts) of the momental dyadic

of the subscripted item



T

tO

b

c

CX

cy

CZ

f

g

ge

ga

gb

i

P

r

ra

rb

s

ss

tsm

v

time constant

scalar component of W along the vehicle coordinate direction

indicated by the subscript

time derivative of tO

Subscripts

vehicle minus the twin-gyro control system

twin-gyro controller

x axis controller (roll)

y axis controller (pitch)

z axis controller (yaw)

frame of the twin-gyro controller

gimbal

gyro element

gimba! of gyro "a"

gimbal of gyro '_"

index used as a subscript or a superscript

perturbation

reference set of directions fixed in the gyro case

reference set of directions for gyro "a"

reference set of directions for gyro '_"

attitude error sensor

steady state

torque-summing member

vehicle

i0



APPENDIXB

THEEQUATIONSOFMOTIONOFAN IDEALSINGLE-DEGREE-OF-FREEDOMGYRO

An "ideal" single-degree-of-freedom gyro will_ for the purpose of this
analysis, be specified as the one which meets the following definitions and
requirements:

Definitions

l,

2.

The gimbal consists of a torque-summing member plus a gyro element

(wheel).

The torque-summing member (tsm) consists of a support for the gyro

element, a position pickoff device to measure the angle between the

torque-summing member and the case, and a torque motor through which a

torque may be applied between the torque-summing member and the case.

3. The gyro consists of a gimbal pivoted about one axis within a case.

Requirements

i. The components from which the gyro is assembled are rigid.

2. The gimbal must be free to rotate with respect to its case about an axis

normal to the axis of rotation of the gyro element.

3. The center of mass of the gyro element is considered to remain located at

the center of mass of the torque-summing member.

4. The mass distribution of the gimbal is considered to be symmetrical with

respect to its three principal axes.

5. The gyro element is considered to rotate about its axis of symmetry at a

constant angular velocity with respect to the torque-summing member.

6. The angle measured by the pickoff and the torque applied by the torque

motor is considered to have zero error.

ii



u

Let the unit vector Eg I be fixed in the gimbal and have the direction
of the angular velocity of the gyro element with respect to the torque-

summing member_ as shown in the following sketch. Let the unit vector Eg s

Position pickoff\ I _",_ _;TEr3,

r.
Gyro element\ _ _._/ _ _(_E

Torque Y/._ _Y_./"x I_ \ gJ
summing member. ///_ge I'._>._\ ,I.; g \

I /L Y
I Y] -Torque __-/'_'_ _'- Eg2 Er2
L I,.Ymotor A*_ T''I_J _/Gyro element spin oxis

It'\ I \/Gyrocose

Coordinate systems for a single-degree-of-freedom gyro.

be fixed on the axis of rotation of the gimbal with respect to t_e case mud

have the direction from the center of mass of the gimbal toward the end of

the girabal containing the pickoff. Let the unit vector Eg 2 be defined by
the relation

Eg2 = Egs x Egz (B1)

Let a second orthogonal set of unit vectors be chosen as reference vectors

which are fixed in the case. Choose the orientation of these vectors such

that when the output of the pickoff is zero_ the two sets of vectors are

related by

E-r± : Ngi (i : 1, 2, 3) (B2)

where a repeated subscript not included within parentheses represents a

s_nmation subscript having the range i, 2_ and 3.

Let the angle of the gimbal with respect to the case be defined as

positive when the gimbal rotates with its angular velocity with respect to

the case in the direction of Eg s.

Since momentum is a linear vector quantity_ the angular momentum of the

gimbal may be expressed as

12



Hg = H%e+ H-ism (B3)

The angular momentumof a physical body maybe expressed at the inner
product of its momental dyadic with its angular velocity. Therefore, equa-
tion (B3) maybe re_rritten as

Hg = _ge" W%e+ _tsm" W-tsm

where @geand Stsm are the momental _dyadicsof the gyro element and torque-
sulmuingmember_respectively. Since Wge is a linear vector %uantity_ it
_y be resolved into the two vectors

W%e= (@ge)Egl + W-tsm (B5)

Therefore, equation (B4) may be written

(B6)

where

Wt m:%

The principal directions of Sge are equal to the gimbal coordinate

directions Egi (i = i, 2, 3) because_ the direction of the axis of s_u_metry

of the gyro element is the s_e as Eg i. Therefore_ the momental dyadic of
the gyro element may be expressed as

: ii
@ge : <geEgiEgi (smmued on i) (B7)

vrhere the products of inertia have vanished because of the required s_mmetry.

Since the unit vectors E%i (i = i, 2, 3) are fixed with respect to the

torque-summing member and are its principal directions; then the momental

dyadic of the torque-summing member may be written as

: ii Z _
Ctsm = _tsm giZgi (Bs)

Since the momental dyadics of both the gyro element and the torque-surm_ing

member are linear dyadics referred to the same set of directions they may be

sum_aed directly to obtain

Sg : %ge + @tsm (B9)
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where the components are

ii ii ii (i = 1 2, 3) (BIO)_g = _ge + _tsm

Also, because it was required that the mass distribution of the gimbal be

s_nmetrical about Eg s and since Eg s = Er3 then the momental dyadic of the

gimbal may be expressed in terms of the reference coordinate system by means

of

Sg ii- -= _g EriEri

At this point, equation (B6) may be written

where

Since Wg

(BII)

(BI2)

• ii

h = 8ge_g e = constant

is a linear vector quantity, it may be expressed as

(B13)

m

also Eg I may be expressed in terms of the reference unit vectors by means

of the idemfactor (unit dyadic) as

m

Eg I = Eg I • EriEri

= cos 0gErz + sin 0gEr2

(summed on i)

(B14)

Therefore_ the momentum of the gimbal may be expressed as

-- -- " 33-- Sg._TrHg = h cos 8gErl + h sin @gEt2 + 8g_g Ers + (BI5)

If the total derivative of equation (BI5) is taken with respect to time, the

time rate of change of momentum of the gimba! is

H% = -hSg sin 8gE-rz + hSg cos 8gE-r2 + e_SSgErs + Wr X h cos 8gErz

Z<h - 3s" - ) Wr + W_ X _g • Wr (B16)+ WrX sin 0gEr2 + _g 0gErs + _g _ .
/

The vector Wr may be expressed in terms of the idermfactor (unit dyadic)

of the orthogonal reference coordinate system by means of

14



D r = W-r EriEri (summed on i) (BI7)

If equation (BIT) is substituted into equation (BI6), the operations are

performed as indicated, and the terms are collected, then the time rate of

change of the momentum of the gimbal may be expressed as

: _33&_g -heg sin eg + g g E-r2 - h sin eg " Er /j E-rz + beg cos eg

+ h cos eg . Era g g

q0_3eg + h sin eg r • Er - h cos eg . Er2 Ers + _g W r

+ x (B18)

Let

the torque motor.

"-- -- ii 22

Then mg : Hg • Er3 and since qOg = qOg

mg be defined as the magnitude of the torque applied to the gimbal by

h(Wr Er2) c°s eg

(B 9)
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APPENDIX C

THE EQUATIONS OF MOTION OF AH IDEAL SI_'[GLE-AXIS

TWIN-GYRO CONTROLLER

For the purpose of this analysis_ an ideal single-axis twin-gyro

controller is defined as a twin-gyro controller which meets the following
requirements (see fig. 2):

i. The controller is considered to consist of a rigid frame within

which is mounted the gimbals of two identical_ ideal gyros_ and upon which is

mounted the fixed portions of the torquers and pickoffs associated with the

gimbals.

2. An orthogonal right-hand set of unit vectors E--ci(i = i, 2, 3) is

considered to be fixed in the frame of the controller.

3. The ideal gimbal "a" and its associated components are oriented

within the frame of the controller so that the gimbal's reference unit

vectors E-rai (i = i, 2, 3) may be transformed to the controller unit vectors

by means of

Era I =Ecl _ Era2 = Ecs _ Eras = Ecs

4. The ideal gimbal "b" and its associated components are oriented

within the frame of the controller so that the gimbal's reference unit

vectors E--rbi (i = i, 2, 3) may be transformed to the controller unit vectors

by means of

Erbl = -Ecl _ Erb2 = -Ec2 _ Erbs = Ecs

5. Whenever gimbal "a" rotates with respect to the frame through an

angle 0ga = 0c_ then gimbal "b" is required to be forced by its torquer to

rotate with respect to the frame through the angle 0gb = -0c.

The angular momentum of the controller in inertial space may be

expressed as the sum of the angular momenta in inertial space of the indi-

vidual components of the controller:

:%a +%b +

:%a +%b + w% (el)

where _f is the momental dyadic of the fixed portions of the controller and

W c is the angular velocity of the controller with respect to inertial space.

16



The time rate of change of angular momentum of the controller may then

be _ritten

- '_ "- - - (C2)
Hc = _ga + Hgb + _f " _c +wc x $_ • W c

From appendix B_ Hg a may be written

1 q_33_ " Era -h sin eg a c " Er Eral_ga = _h_g a sin eg a + g ga

+ lh_ga cos ega + h cos ega (Wc ' Eras)-_°_3@ga (_7c Eral)l E-ra2

+ I_3_ga + h sin eg a (Wc Era1) - h cos eg a (Wc " Era2)i E-ra3

+ _ga " Wc + Wc × @ga

Similarly, from appendix B_ Hg b may be written

- = _heg b sin egb + q0g egb c "_b

+ cos _g egb " E-rb Erb2+ _egb_°s %b _ egb c " _rb - _3"

_-33_ (W -- _- h cos eg_ (Wc" Erb2)l Erb3
+ _g gb + h sin @gb c " Erb

+ _gb Wc + Wc x Cgb Wc

Since the gimbals have symmetrical mass distribution their momental

dyadics may be expressed in terms of the controller unit vectors.

(c3)

(ck)

Therefore

(C5)

where

_c : _c EciEci (summed on i)

17



Then if the unit vectors of gimbals "a" and %" are transformed accord-

ing to the controller requirements 3 and 4 and substituted into equation (C2),

one may write

_c : I -h (Sga sin 8g a - 8gb sin 8gb)+ _gS (_ga + 8gb)(Wc Ec2)

Ec3)l Ecz + ih (@ga c°s 8ga- 8gb c°s 8gb)

, (Fez) + h cos e_a cos

+ [_Ogs (_ga + _gb)+ h (sin 8ga- sin 8gb)(Wc " Ec

- h cos 8g a cos 8gb) Ec E--cs+ _c Wc + Wc X _c " Wc (C6)

If the requirement that 8ga : 8c and 8gb : -8c is now imposed; the
time rate of change of momentum of the controller may be expressed as

H c = -2h sin 8c 2c3_2cI + 2h_c cos ecSc2
/

(c7)

Let mg a and mg b be defined as the magnitude of the torques applied to

gimbal "a" and gimbal %" by their respective torquer motors. In terms of

Wc and Wc, these values from equation (BI9) may be expressed as

mg a = q_3 c Eras) + 8ga] + h [(Wc' Eraz)sin ega- (Wc" Era2)cos ega]

(c8)

33L( mgb : _g c

(c9)

If these equations are transformed into controller coordinates and the

controller parameter 8c then

I<,)]ss Zcs + ec + hmga : _g c c Ecz) sin 8c - <Wc ' ]
Ec2) _ cos e c

(c_o)

18



m_=_3I_c_3)_c_"E_c_cOsinOc__c_c2)cosOcl
(cll)

Since the gyros are slaved to move in equal _d opposite directions,

_a = _m_ (C12)

Substituting equation (C12) into (CII), ch_ging sign, _d adding to (CIO)

results in

s3"" h_ Ece) cos 8c (C13)= _g ec - c

which is the e_ation of motion of _ ideal_ single-_is_ twin-gyro

controller.
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APPENDIX D

THE EQUATIONS OF MOTION OF A THREE-AXIS TWiN-GYRO

ATTITUDE CONTROL SYSTEM

To describe the behavior of a space vehicle with a twin-gyro attitude

control system on board, an ideal condition is considered. The gyro equa-

tions are simplified by specifying a symmetrical mass distribution in the

gyro gimbals as defined in appendix B. It is further assumed that the

vehicle is a rigid body, and that its principal axes of inertia coincide with

the vehicle axes x, y, and z which are defined in the directions of three

unit vectors Evi (i = i, 2, 3), respectively. Three identical single-axis

twin-gyro controllers are assumed to be rigidly mounted on the vehicle.

These controllers are considered to be ideal, as described in appendix C.

The three single-axis twin-gyro controllers are assumed to be oriented

with respect to the space vehicle so that each axis of the vehicle has one

controller associated with it. Therefore, they are identified as the x

axis controller, the y axis controller, and the z axis controller. Also,

they are assumed to be oriented with respect to the vehicle as described by

the following relations between the controller reference vectors, Eci , and

the vehicle reference vectors, E--vi(i = I, 2, 3) (see fig. 7).

For the x axis controller,

Ecxi - 2

Ecx a : Evl

_Ev "\2 s + v2/

For the y axis controller;

Ecyi - 2

m

Ecy a = Eva
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For the z axis controller_

Ecz2 = Ev3

Ecz3 - 2

While this orientation is not required for a twin-gyro attitude control
system, it is the one used in the experimental research associated with this
report.

The time rate of change of the angular momentumof an ideal single-axis
twin-gyro controller as derived in appendix C is expressed in terms of the
controller-fixed set of reference vectors Eci:

Hc = -2h c Ec3 sin _cEcz + 2hec cos ecEc2+ 2h c sin ecEc3
/

We +WcX c "Wc (DI)

Since the single-axis twin-gyro controllers have been assumed to be

rigidly attached to the space vehicle_ the angular velocity of the controller

with respect to inertial space is identical to the angular velocity of.the

vehicle with respect to inertial space. The._refore, the terms Wc and Wc in

equation (DI) may be replaced with W-v and Wv, respectively, which becomes

He = -2h " Ec sin OcEcz + 2he c cos OcEc2 + 2h • sin OcEc3
/

 v+W- XSc (D£)

If the controller set of unit vectors is transformed into the vehicle

set of unit vectors, then for the x axis controller,

Hcx = 2h " Ev3 sin ecxEv2 + 2hecx cos ecx E--vz - 2h • E--v2 sin 8cxE--v3
/

+ ¢cx Wv + Wv x ¢cx " Wv (D3)

for the y axis controller,

Hcy = -2h " Ev3 sin ecyEvz + 2hecy cos ecyEv2 + 2h Ev sin ecyEv3
/

+ ¢cy Wv + Wv X ¢cy Wv (D4)
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and for the z axis controller,

Hcz = 2h " Ev2 sin 8czEvz + 2hecz cos eczEvs - 2h •
/

+ _cz Wv + Wv × _cz Wv

,\

EVZ/' sin @czEv2

(D5)

If _v is defined as the momental dyadic of the entire vehicle, includ-

ing the controllers, then _b may be defined as the momental dyadic of the

vehicle, less the three controllers, and

Sb = _v - _cx - _cy _cz (D6)

Then the angular momentum of the vehicle, less the three controllers, may be

expressed as

The time rate of change of the angular momentum of the vehicle without the

controllers may then be written

The time rate of change of angular momentum of the entire vehicle, Hv,

is equal to the vector sum of the time rate of change of angular momentum of

each of its parts. Therefore,

Hv = Hb + Hcx + Hcy + Hcz (D9)

and when equations (D3), (D4), (D5), and (D$) are substituted into equa-

tion (D9), the time rate of change of angular momentum of the entire vehicle

may be written as

Hv = {v " Wv + Wv × Sv " Wv + 2h ecx cos ecx - • Ev3_ sin ecy

+(Wv Ev2) sin ecz

/_

+ I(Wv EVl) sin 8cy

\

Evz S sin ecz

\

Ev2 J sin ecx
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The vector angular velocity and angular acceleration of the vehicle with

respect to inertial space may be resolved along the vehicle axes by means of

the relations

Wv = _lEvz + _2Ev2 + _3Ev3 (DII)

W v = _iEvi + _2Ev2 + _3Ev3 (DI2)

Also, since the vehicle axes were chosen to lie along the vehicle axes of

symmetry, the momental dyadic of the vehicle may be expressed as

_V ii-- -- 22-- -- 33-- --= Mv EvlEvl + _v Ev2Ev2 + My EvsEv3 (DI3)

ii
where _v =- the moment of inertia of the vehicle about the Evi axis

(i = i_ 2_ 3). When the above relations are substituted into equation (DIO)_

the expression for the time rate of change of angular momentum of the vehicle

becomes

_v _" _ _ _w= _OV W I + - (_V W2003

r (_ ) ]+ I _a3", + 22 ii Eva
Lmv _3 v - _v _ioJ2

,_(_._os_.__s,no_+_2sinO_z)_,
,-_(_cosOc_-_,_°_'_'_'n_,)_
"__cz_osOcz-_2s_Ocx+_'s_nOc__3 (DI_.)

k

Equating the time rate of change of angular momentum to the sum of

external moments results in the three equations of motion for the vehicle

V - _V W2W3 + 2h CX cos eCX - _3 sin ecy + _2 sin ecz,

= Mv _2 + - _v wl_3 + 2h cos ecy - wl sin ecz + _3 sin ecx

Mvz= _$_ + Cv - _ _ + 2h _c_cosoo=- _ si_ Cox+ _ s_nec
(#15

23



!n addition to the above set of equations for the vehicle, there are

equations for each of the twin-g_ro controllers. From equation (C13), and

using equation (DII)

33"" "I

mg x = q_g 8cx h_)z cos 8cx

,3s'" - t_2 cosmgy = _g Bey Bey

. 33_
mgz = _g cz hLos cos 8cz

(DZ6)

It should be noted that the controller subscripts indicate the vehicle axes
controlled and not the locations of the controllers.

The gimbal torques used in the mechanized control system were of the

following form:

mg x = Kzxgvz + K2x d,,_ 8vz dt - KsxScx - K4xecx

mgy = KzySv2 + K2y j_ 8v2 dt - Ksy_cy - K4ygcy

mgz = Kzzevs + K2z
f

8vs dt - Ksz@cz - K4zScz

(D17)

Equations (DI5), (DI6), &ud (DI7) are the complete equations of motion

for the system.

In order to compare the equations of motion with the mechanized system,

the follov_ng assumptions and simplifications are made:

1. The vehicle angular rates, _i, are expressed in terms of Eu!er

angles, 8vi , and those terms containing products of variables are

neglected.

21 The gyro gimbal angles_ 9ci, are the sum of a constant angle, ®ci_

and a perturbation_ @cip_ and the follov_ng small-angle approxima-
tions are used:

• // )szn @ci = sin <®ci + ecip _ sin ®ci + 8cip cos ®ci

/ "k

cos 8ci = cos ci + 8cip _ cos ®ci - ecip sin ®ci

. As a result of past history of motion of both the vehicle and the

gyros, the gimbals will be offset to some angle, ®ci_ and the inte-

gration feedback will have some initial condition value. It is
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assumed that the system is in equilibrium to begin with_ and that

the signal from the gimbal position_ ®_ exactly cancels the inte-

grator initial condition signal.

With the above approximations, equations (DI5), (DI6), and (DI7) become

linear. The Laplace transforms of these equations take the following form_

where the first three are vehicle equations and the remaining three are

controller equations:

M_(_) =<@_s_ Ova(S)+ 2hssinec_ Ova(S)
/

-<2hs sin ®c< 8vs(S)+ <2hs cos ®cx> 8cxp(S)

M_(s) = - 2hss_n®cz e_(s)+ \<p_o /

< 0 <+ 2hs sin ®c 0vs(s) + 2hs cos ®c 0cyp(S)

> (DIS)

,g_ +x_x_ +K_x Oct(S)- _+I%x/S +hs cosecx ovl(s):o/

_s_ + _:_ys+ X_y Ocm(S)- _y+ K_y/_+ hs cos®c ov_(_): o

<_ " <K ®cz/)
\ \

.2_s_ + K_zs+ _:_ Oc_p(s)- 17.+ x_z/s+ hs co_ Ova(S): o

(DI9)

in order to compare the above equations with the mechanized system it is

desirable to look at the equations for a single axis. This may be accom-

plished_ and the equations decoupled_ by assuming that the gyro gimbal angles

are zero for at least two axes. If the roll and pitch gyro gimbals are at

zero angle_ the following yaw axis equations result:

/

@2o)

/ "\ /X" "\'

(D21)
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These equations yield the single-axis transfer function for vehicle response

to external torque input

ev3(S)
33 2

_g s + K3z s + K4z

Mv3(s) \
+ K3z s + K4z)

/
-_- 2hs COS _CZ _ K__z -]" K_z/s -_ hs cos _cz)

\ /

(D22)
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